We present a molecular dynamics simulation scheme which allows to speed up molecular dynamics simulations by linear prediction of force time series. The explicit calculation of nonbonding forces is periodically replaced by linear prediction from past values. Applying our method to liquid oxygen consisting of flexible molecules we obtained real speedups between 5.4 and 6.5, compared to conventional molecular dynamics simulations. Here only the bond-stretching forces were calculated at each time step. We demonstrate that essential dynamical quantities, such as the mean-square displacement and the velocity autocorrelation function, are preserved.
I. INTRODUCTION
Molecular dynamics ͑MD͒ simulations of condensed matter systems have proved to provide valuable information for the interpretation of experimental data and for the development of theoretical models. Since the early days of MD simulations significant effort has been made to develop efficient simulation schemes which allow to extend the accessible time scale. Well-known examples are the multiple time step ͑MTS͒ methods developed by Streett et al. 1, 2 and Tuckerman et al., 3, 4 but other approaches can be found as well. [5] [6] [7] [8] [9] The MTS simulation algorithm developed by Tuckerman and co-workers has the property of being symplectic, preserving thus the phase space volume of the simulated system. Since symplectic integrators have also the desirable property of ensuring long time stability of MD simulations, many articles have been devoted to the development of such integrators. Comparative studies of symplectic integrators can be found in the articles by Gray et al. 10 and Skeel et al. 11 Recent developments of efficient Verlet-type integrators have been published in Ref. 12 .
A crucial point in developing efficient simulation methods is to recognize that, although the slower, large-amplitude motions are in most cases the interesting ones, the fast and more localized motions are nevertheless important and cannot simply be neglected. Because of the high atomic density in condensed matter systems slow motions due to soft forces and fast motions due to stiff forces cannot be disentangled. In the MTS method one exploits the fact that the ''soft,'' long-ranged forces, whose evaluation is the most time consuming part of an MD simulation, vary more slowly than ''hard,'' short-ranged forces. In the time-reversible and symplectic RESPA scheme developed by Tuckerman et al. the long ranged forces are updated less often than the shortranged forces, and in the MTS method proposed by Streett et al. the long-ranged forces are in addition predicted on the basis of a Taylor expansion. The latter method is, however, not time-reversible.
Here we propose a method where soft, long-ranged forces are estimated on the basis of linear prediction of time series which is well established in the theory of signal processing. 13 This means that we do not use a Taylor expansion to predict forces, but a prediction on a statistical basis. Although nonlinear estimators have proved to be useful in practice, linear estimators are most often used since they can be realized by very efficient algorithms. [13] [14] [15] Moreover, they can be more directly related to stochastic models for time series, such as the autoregressive model. 13, 16 This model has been used recently to compute memory functions from MD simulations. 17 Keeping in mind the limitation of long-time predictability of MD trajectories, which has been profoundly discussed in the context of Lyapunov instabilities, 18 we try to model the short time evolution of the underlying force trajectory as close as possible to reality. The essential point is to intertwine these predictions with real MD simulations, such that long-time stability is assured.
II. THEORY
A. Linear prediction "LP… Linear prediction 13, 19 is a method to estimate the value of a signal x at time t by a linear combination of values in the past. In the following it will always be assumed that x(t) is a signal with zero mean. If the time parameter takes only discrete values, the linear predictor of order P for the true value x(t) is written as
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͑2͒
The necessary condition for ͗⑀ 2 (t)͘ to have a minimum is that all partial derivatives with respect to the predictor coefficients vanish. This yields ͳͩ x͑t ͒Ϫ ͚ nϭ1 P a n x͑tϪn⌬t ͒ ͪ x͑tϪk⌬t ͒ ʹ ϭ0, kϭ1,...,P.
͑3͒
The above relation states that the prediction error is uncorrelated ͑''orthogonal''͒ to the P preceding values of the signal in the past. Introducing the autocorrelation function,
and assuming a stationary process, such that r(t 1 ,t 2 )ϭr(t 1 Ϫt 2 ,0)ϭr(t 2 Ϫt 1 ,0)ϵr(͉t 2 Ϫt 1 ͉), Eq. ͑3͒ can be written in the compact form,
One obtains thus a system of P linear equations for the P predictor coefficients ͕a k ͖. Equation ͑5͒ is known as the Yule-Walker equation. 13, 16 It should be noted that the matrix of coefficients has Toeplitz-form. This fact has been exploited to develop efficient methods for the calculation of the predictor coefficients from a given sequence r(i⌬t)(i ϭ0,...,P) of the autocorrelation function. 20, 21 Since stationarity of x(t) has been assumed, the meansquare prediction error becomes time independent and is given by ͗⑀ 2 ͘ϭr͑0͒Ϫ ͚ nϭ1 P a n r͑n⌬t ͒. ͑6͒
To obtain this expression one uses the definition of ⑀(t) together with the orthogonality relation ͑3͒.
B. Determination of the predictor weights
When predictor coefficients for linear prediction of forces are to be determined from MD trajectories one must realize that the predictor coefficients for physically identical atoms are the same. Each of the 3N individual force trajectories in a simulation, N being the number of physically equivalent atoms, can be viewed as a section of one generic force trajectory, f (). The goal is not to determine for each atom and each force component a set of predictor coefficients which is optimal for the respective trajectory, but a set which gives on average good predictions for all 3N trajectories. To determine the predictor weights we use linear regression 19 which allows us to capture as many features of the dynamical system as possible in a finite set of observations.
If k enumerates the observations (kϭ1,...,M ), we define j k to be a randomly chosen component of the 3N force trajectories under consideration and t k a randomly chosen point on the time axis. We have 1р j k р3N and P⌬tрt k р(N t Ϫ1)⌬t, where N t is the number of time steps in the input trajectory. For each choice of t k ϭ(kϪ1)⌬t, one must dispose of P preceding values of the force. Therefore the lower limit for t k is P⌬t. Now we define the M-dimensional vector of observations,
and the M ϫ P matrix F,
With aϵ͓a 1 ,...,a P ͔ T we try to find a such that fϷF"a, ͑9͒
where ''Ϸ'' stands for ''as close as possible to'' in a leastsquares sense. The predictor coefficients are now determined from the condition
The unique solution of minimum norm of Eq. ͑10͒ is given by
where F ϩ is the generalized inverse of F. 22 The solution as given by Eq. ͑11͒ is also the unique solution if all columns in F are linearly independent. In this case we have
and a opt is the solution of the well-known Gaussian normal equations,
Using the structure of the matrix F as given by Eq. ͑8͒ shows that the elements of the Pϫ P matrix F T "F are proportional to an estimator for the autocorrelation function r(t) of the generic time series f (). Defining
and assuming a ͑wide-sense͒ stationary process for the generic time series f (), we have
͑15͒
The above considerations show that the Gaussian normal equations play the role of the Yule-Walker equations ͑5͒ in traditional linear prediction, where the predictor weights are optimized on the basis of a single time series. It is well known that linear regression using the Gaussian normal equations leads to numerical problems if the columns of F become linearly dependent ͑or almost linearly dependent͒. In this case F T "F is ͑almost͒ singular. A numeri-cally stable approach is to use singular value decomposition ͑SVD͒. [22] [23] [24] The matrix F is then decomposed as
where U and V are orthogonal matrices of dimensions M ϫM and Pϫ P, respectively, and D is an M ϫ P diagonal matrix containing Qр P nonzero elements k (kϭ1,...,Q) with k Ͼ0. Using SVD, the pseudoinverse of F reads
If the columns of F are linearly independent we have Q ϭ P, and with Eq. ͑15͒ we can write
The squares of the singular values of F are thus proportional to the positive eigenvalues ͑principal components͒ of the estimated autocorrelation matrix given in Eq. ͑15͒.
III. THE ALGORITHM
In the following we present a MD simulation scheme in which the explicit calculation of ''soft'' forces is periodically replaced by linear prediction from past values. ''Hard,'' rapidly varying forces are computed explicitly at each time step. The corresponding notation is f s and f h , respectively. In the following we associate the hard forces with bond-stretching forces ͑''bonding forces''͒ and the soft forces with LennardJones forces ͑''nonbonding forces''͒.
A. Preparation phase
The first step in the preparation phase consists in a conventional MD simulation. In the work presented here we use the leapfrog integration scheme,
The index i runs over all 3N Cartesian coordinates, ⌬t is the simulation time step, and m is the mass of the atoms considered.
During the initial MD phase we record for each Cartesian component of the soft, nonbonding forces about hundred consecutive trajectory segments of length Pϩ1 from which the system of equations ͑9͒ is constructed. An important technical point is that the calculation of predictor coefficients should be based on smooth force trajectories. In MD simulations one uses typically a cutoff for the calculation of nonbonding forces, in order to save computer time. Therefore, the corresponding force time series exhibit small nonphysical jumps when initially interacting particles move out of the cutoff sphere and initially not interacting particles move into the cutoff sphere. We found that the use of smooth force trajectories for the determination of predictor coefficients reduces the mean-square ͑one-step͒ prediction error for the nonbonding forces by two orders of magnitude, which has a clear impact on the stability and the efficiency of the simulation scheme. Therefore, the vector of observations f and the matrix F, defined in Eqs. ͑7͒ and ͑8͒, respectively, are not directly constructed from the MD trajectory, but from smooth trajectory segments which are constructed separately. For this purpose we compute for each atom ␣ trajectory segments of length Pϩ1 for the non-bonding force trajectory to which all atoms ␤ ␣ contribute which are initially within the cut-off, irrespective if they leave the cut-off sphere during the following P steps. Figure 1 illustrates this point. It shows the trajectory of a nonbonding force from a MD simulation together with the corresponding segments used to construct the system of Eq. ͑9͒. The example is taken from the application described below, where Pϭ4.
The choice of the dimensions M and P is motivated by the following considerations:
͑a͒ M should be of the order of a few thousands in order to ensure good statistics, i.e., a representative description of the whole force trajectory. In practice, M is essentially limited by the available computer memory. ͑b͒ To fix P we consider the speedup G of the method.
Somewhat simplifying one can say that GϷ(N pred ϩN MD )/(N MD ), where N MD is the number of MD steps and N pred is the number of predicted steps. In doing so, one neglects any overhead during the prediction phase, such as the calculation of hard ͑bonding͒ forces and the construction of Verlet neighbor lists. We note that the CPU time needed for prediction of the forces itself can be safely neglected. Therefore the ratio N pred /N MD should be as large as possible and N MD should be as small as possible. It is well known that Lyapunov instabilities limit the long time predictability of the dynamics of many-body systems. 18 Therefore N pred is limited effectively to a few ten steps. On the other hand, each new prediction phase must start from a set of at least P real MD steps to avoid an exponential accumulation of errors. Therefore we may write We found that the upper limit for N pred is about 30 and the lower limit of P is 4 for the system presented below.
B. Hybrid dynamics "HD… simulation
The predictor weights obtained in the preparation phase are now used in a hybrid MD simulation scheme, which consists of periodic switching between longer intervals of partially predicted dynamics and shorter intervals of conventional MD.
Prediction phase
To integrate the equations of motions within the leapfrog scheme, we write
where f i h (t) are the hard, bonding forces, which are always explicitly computed, and f i s (t) are the corresponding predicted soft, nonbonding forces,
We recall that the predicted forces are always calculated from smooth force trajectory segments. Except for the first prediction phase, the latter are constructed during the respective preceding MD phase ͑see next step͒.
MD phase
During this phase P MD simulation steps are performed. a. Scaling of the velocities: Although the errors accumulated during the prediction phase are small, they lead nevertheless to a small drift of the total energy. To restore the correct total energy we adjust the kinetic energy E kin (t) to the difference between the total ͑constant͒ energy E total and the potential energy E pot (t) after the first step of this phase. All velocities v i (t) are multiplied by a corresponding scaling factor ,
where is given by
. ͑26͒
is always very close to one ͑Fig. 6͒. Since the velocities for the computation of E kin (t) are not immediately available within the leapfrog scheme they are computed from
b. Partial randomization of the velocities: To ensure long-time stability of the simulation method, any accumulation of small systematic errors must be avoided. A simple way to achieve this is to partially randomize the particle velocities. Such a partial randomization can be realized by reducing all velocity components by a certain amount, and to add a corresponding stochastic component ␦v i , such that the average kinetic energy equals 
Note that the forces f i s (t) are here explicitly calculated.
c. Construction of smooth force trajectory segments:
During the MD phase smooth force trajectory segments are constructed to initiate the consecutive prediction phase. The approach is the same as in the preparation phase.
IV. APPLICATION
To demonstrate the efficiency of the simulation method described above we apply it to a simple model system consisting of 150 flexible oxygen molecules in the liquid phase at a temperature 73.0 K. Here the soft, nonbonding intermolecular forces are modeled by a Lennard-Jones potential ͑⑀ ϭ0.878 64 a.m.u.ϫnm 2 /ps 2 and ϭ0.295 99 nm͒, and the O-O stretching motions are described by a hard, harmonic force with a force constant k corresponding to a vibration frequency of ϭ47.5 THz. The predictor weights have been determined using the least-squares algorithm described in Sec. II B, with M ϭ8000 for the number of observations. Each line of the system ͑9͒ has been chosen from an ensemble of 100 consecutive smooth segments for the 3N Cartesian components of the nonbonding forces. As already mentioned, the choice of M is not very important as long as M is large enough to allow for good statistics. In all results presented here the prediction order ͑as well as the length of MD phase͒ was chosen to be Pϭ4. We tested prediction .0, and 6.5, respectively. The singular value decomposition of the matrix F has been performed with a routine from the LAPACK library. 25 For later analysis 50 ps trajectories were recorded, each of which was preceded by a stable simulation of 1 ns length. Table I shows the coefficients ͕a 1 ,a 2 ,a 3 ,a 4 ͖ and the corresponding mean-square prediction error, ͗⑀ 2 ͘, for five different random sets of Eqs. ͑9͒.
The mean-square prediction error was computed from the input trajectory segments which served to establish the ''training set'' ͑9͒. As already mentioned, long time stability is a problem one has to cope with when intertwining linear prediction of force time series with normal MD simulation. This effect can be corrected for by the randomization described above. We found that a randomization of 1% (Qϭ0.01) is sufficient to guarantee long-time stability of the simulation, leaving nevertheless the dynamical properties of the system unchanged. To verify this point we considered the Fourier spectrum of the ͑average͒ velocity autocorrelation function of the oxygen atoms, sometimes also called density of states ͑DOS͒,
and the corresponding mean-square displacement,
͑31͒ Figure 2 shows the DOS computed from conventional MD and from our hybrid dynamics simulation scheme, using a randomization factor Qϭ0.01. In the case of 4 MD and 24 prediction steps the results are very close to those obtained from conventional MD. For each length of the prediction phase the real speedups are given in the figure. The influence of increased randomization can be seen in Fig. 3 The relation between scaling, randomization, and prediction length is illustrated in Fig. 6 . It shows the distribution of the velocity scaling factor introduced in Eq. ͑25͒ for different values of Q and different prediction lengths. It should be noted that the scaling factor is always close to one and approaches the ideal value of ϭ1 with decreasing randomization and decreasing length of the prediction phase. To illustrate the impact of partial linear force prediction on collective quantities we show in Fig. 8 a zoom into the potential energy. The figure shows the evolution of the potential energy during the alternation of MD and prediction phases. For each simulation cycle we show also the corresponding values which are obtained if linear prediction is replaced by real MD simulation, i.e., if the initial common MD phase is continued. Figure 9 gives finally an impression of the variation of the total energy compared to conventional MD. Due to the partial randomization of the velocities the total energy obtained from our hybrid MD method shows larger fluctuations, but the stability is exactly the same. In fact we found no stability problem for the longest simulations of about 1 ns.
V. DISCUSSION
We have demonstrated that linear force prediction combined with normal MD simulations and a minimal partial randomization of the velocities can be used as an efficient tool to simulate the dynamics of molecular liquids. For the system studied here we obtained speedups ranging between 5.4 and 6.5. Using an appropriate choice of the simulation parameters allows to preserve the characteristics of the short and the long time dynamics of the simulated system. The choice of the model system was motivated by the require- ment that the atoms in the simulated system should exhibit at the same time diffusive motions known from simple liquids and fast vibrations due to chemical bonds. In MD simulations these motions are usually not considered by applying appropriate geometrical constraints. It is well known that such constraints have not only an impact on the dynamics but also on thermodynamic averages. 26 In addition, imposing certain thermodynamic ensembles in a proper way is very difficult in presence of geometrical constraints. 27 The method presented here offers the possibility to avoid constraints, yielding at the same time an even larger speedup.
It is worthwhile to compare the linear prediction of force time series as presented here to the extrapolation in terms of a discrete Taylor series ͑see, e.g., the MTS method by Streett et al. 1, 2 ͒. One knows from signal theory 13 that a function f (t) whose Fourier spectrum is bandwidth limited, such that f()ϵ0 for ͉͉Ͼ c , can be exactly predicted from an infinite set of past values if the sampling interval is sufficiently small,
͑32͒
The above expression corresponds to a Taylor series where all derivatives are replaced by corresponding differences constructed from the available time series for f (t). Choosing a finite value for P, relation ͑32͒ can be interpreted as linear prediction with predictor coefficients,
͑33͒
For Pϭ4 one obtains in particular ͕a n (4) ͖ϭ͕4,Ϫ6,4,Ϫ1͖.
These values may be compared to the predictor coefficients listed in Table I . One notes that the latter are similar but not close to the Taylor coefficients obtained from Eq. ͑33͒. Here ''not close'' means that typical differences between different sets of coefficients in Table I are clearly much smaller than the differences between these coefficients and the Taylor coefficients. Figure 10 illustrates the difference between linear prediction and Taylor extrapolation. It is obvious that prediction coefficients optimized for Pϭ4 give much better predictions than the Taylor coefficients of the same order. One might think that increasing the order of the Taylor extrapolation could improve the results. Figure 10 shows that using Pϭ6 instead of Pϭ4 improves the prediction for a few steps, but becomes then even more rapidly unstable. This behavior is well known from polynomial extrapolation of continuous functions. Moreover, the order of the model should not increased too much since this reduces the efficiency of the prediction method. This aspect has been discussed in Sec. III A. In this context it is interesting to apply the linear prediction method as described in this paper to a function which is exactly known. The results for a ''toy example'' are shown in the Appendix. They confirm that linear predictors constructed by the regression method lead to very precise predictions. We compared our simulation method also to a conventional MTS method. For this purpose we used the simulation program DLគPOLY. 28 The official release 2.12 offers the MTS algorithm by Streett et al., 1 with an extension by to Coulombic systems. 29 Details are described in the user manual of DLគPOLY. In conventional MTS algorithms the frequency for explicit calculation of forces is reduced when the distance between interacting particles exceeds a certain distance. One works with two update frequencies which are associated with corresponding minimal distances. To obtain a significant speedup the radius of the inner sphere, in which all interactions are computed explicitly, must be made as small as possible. Since our model system has a box size of 17.65 Å, and the cutoff distance for the Lennard-Jones forces was chosen to be 8.4 Å, we chose a radius of 3 Å for the innermost shell and an update interval of 5 MD steps for the outer shell. This gave a speedup of about two for the MTS algorithm imple- mented in DLគPOLY, using a Verlet neighbor list. Figure 11 shows the comparison of the mean-square displacements obtained from conventional MD with our program, from MD with DLគPOLY, from MTS simulation with DLគPOLY, and from our hybrid dynamics simulation scheme with a speedup of 5.4. The figure makes clear that the diffusion constant in case of the MTS simulation is strongly reduced. During the 50 ps simulation we used to compute the mean-square displacement depicted in Fig. 11 we observed also a systematic drift of kinetic energy from the low frequency band into the high frequency band of the DOS. This second observation can be related to the reduction of the mean-square displacement, since the latter is essentially dominated by the low-frequency part of the DOS. One important point should mentioned here: Ideally one should compare our MTS method with the ''best'' known MTS method-the time-reversible MTS RESPA method-using the same force splitting scheme. Time-reversible integrators are known to be yield trajectories which exhibit a better long-time stability than nonreversible ones. It can be envisaged to use our splitting method with the MTS RESPA method and also to use a cutoff-based splitting with our method. For more complex systems, such as liquid water and proteins, which exhibit less clear separations of fast and slow motions, the cutoff splitting seems actually more suitable. In any case, the reader should not be left with the idea that the force splitting we use here is a priori essential for the method. Practical tests must show which force splitting method can or should be used. Another point that should be addressed concerns the issues of time reversibility and symplecticity of our algorithm. All we can say is that our method is ''statistically time reversible,'' in the sense that the predictor coefficients for forward and backward motion are the same if the force trajectories can be considered as sections of a stationary stochastic process. In this case the coefficients for backward prediction follow the same Yule-Walker Eq. ͑5͒ as those for forward prediction, since the ͑force-͒ correlation function is invariant with respect to translation and reflection of the time axis.
Nothing strict can be said with respect to symplecticity. However, regarding Fig. 7 suggests that at least on the short time scale of the prediction phases our method gives trajectories which are as symplectic as any MD trajectory since the predicted and real trajectories are very close.
To summarize, we can say that linear prediction of trajectories, which relies on correlations in the signal, is more adapted to molecular dynamics trajectories than conventional prediction schemes based on Taylor series expansions. This fact has been exploited to combine the conventional MTS approach with prediction of the forces which are considered to be ''slow.'' Nevertheless the MD integrator we proposed here is certainly not yet an ''all-purpose'' integrator and the next obvious step is to apply it to polar liquids like water, which exhibit also electrostatic interactions and fast molecular rotations. 
APPENDIX: PREDICTION OF AN ANALYTICAL SIGNAL
To illustrate the application of linear prediction to a signal which is exactly known we consider the discrete function
͑A1͒
with periods T 1 ϭ2/10, T 2 ϭ2/100, and a sampling step of ⌬tϭ0.001. To find an optimal linear predictor we follow the regression method described in Sec. II B. The vector f defined by Eq. ͑7͒ is constructed from M ϭ100 randomly chosen observations, and the M ϫ P matrix F defined by Eq. ͑8͒ contains the corresponding preceding values of f (n). The predictor order is chosen to be Pϭ4, 6, 10 . The optimal predictor coefficients are then obtained from Eq. ͑11͒. Figure 12 shows the deviation of the predicted signal from the true signal for 100 predicted values from a randomly chosen time series of P initial values. The true function in that interval, augmented by the initial values for the predicted time series is shown in the inset of Fig. 12 . The respective order of magnitude for each prediction error remains unchanged if different initial values are chosen for the predicted time series. Using the MATHEMATICA software 30 we tested also other methods to estimate the predictor coefficients for our ''toy example,'' namely the Yule-Walker method and the Burg algorithm. [13] [14] [15] These standard methods are mainly used for spectral estimation. The estimation of the parameters of an autoregressive ͑AR͒ stochastic process is actually equivalent to the determination of an optimal linear predictor. The differences between the various existing methods for spectral estimation of AR processes and linear prediction, respectively, are due to different explicit or implicit estimations of the autocorrelation function of the underlying signal. The interested reader should consult the textbooks of Papoulis and Haykin for more details. 13, 19 The Yule-Walker as well as the Burg method start both from one contiguous time series. For our tests we used the same time series of N t ϭ1000 sampled points. We found that the Yule-Walker gives very bad results for our example, whereas the Burg method yields more satisfactory predictions, which are, however, not as precise as those obtained by the regression method. Figure  13 shows the prediction errors for the Burg method, using the same predictor orders as in Fig. 12 and the same initial values. It can be seen that the relative reduction of the prediction error with increasing predictor order is the same as for the linear regression method, but the absolute error is about four orders of magnitude bigger. In spite of the different prediction errors the predictor coefficients are very close. For Pϭ4 we obtain, for example, a opt ϭ(3.229 68, Ϫ4.602 26, 3.229 68, Ϫ1.000 00)
T from linear regression and a opt ϭ(3.229 66, Ϫ4.602 20, 3.229 66, Ϫ1.000 00)
T from the Burg algorithm.
